Newman [6] , in the context of p(n), has proposed the question: ( 
3) Given a, m, is p(n) -a (mod m) soluble for an infinity of n ?
We may ask further:
(4) Given a, m, is p(n) _ a (mod m) soluble for values of n with positive density ?
The best hope of establishing (3) seems to be that one may exhibit explicit congruences of the form (5) p(h(n)) _ a (mod m), and in particular if h(n) = bn + c is a linear function of n, we have (4) also. The same questions, of course, arise for c(n), and indeed for the Fourier coefficients of other suitable modular forms and functions. In this paper we make some contribution to the solution of these problems when m is a power of 13. We confine ourselves to p(n) and c(n), both for simplicity and because these coefficients have been most extensively studied, but the reader will see that the methods are applicable to the Fourier coefficients of any negative power of n(r) or any entire function on FO(I3).
Congruence properties of c(n). Newman [7] shows that (6) c(132n) 8c(13n) (mod 13), and, with t(n) = -c(13n) _ c(13n)/c(13) (mod 13), (7) t(np)-t(n)t(p) +p -lt(n/p) 0 (mod 13),
where p #& 13 is prime(2). Now, by using the "accident" that c(9 1) -0 (mod 13) he infers that Both these results prove that c(n) 0 (mod 13) infinitely often; the second also shows that c(n) 0 (mod 13) in positive density. One can now with a little calculation show also that c(n) fills all residue classes (mod 13) infinitely often, but 'positive density' seems more intractable. We may regard (7) as expressing a 'multiplicative' property of c(l3n) (mod 13), which takes the form (6) in the ramified case p = 13. Indeed Newman's proof is based on the fact that c(l3n)_ -r(n) (mod 13), where r(n) is defined by 00 Z r(n)xn = Xf24(X), n=1 and satisfies r(np)-,r(n),r(p) + pl l(n/p) = 0, as found by Ramanujan [10] and proved by Mordell [11] . In this paper we prove a generalization of (6): THEOREM 1. For all a,> 1 there exists a constant ka, not divisible by 13 such that for all n c(l 3 + 1n)= kac(l 3an) (mod 133a). (2) Here and later we use the reciprocal of a (mod 13a) freely when (a, 13) = 1. We also write, for any number-theoretic coefficient t(n), t(n) = 0 if n is nonintegral. [March We have also overwhelming evidence for the following generalization of (7): CONJECTURE 1. Let a > 1 be integral, and write t(n) c(13an)/c(133a) (mod 13a).
Then if p =A 13 is prime we have t(np)-t(n)t(p) +p -lt(n/p) 0_ (mod 13a).
We observe that the final congruence of Conjecture 1 is exactly analogous to the identities in Hecke's theory of modular forms of negative dimension. Thus it seems that, in a sense, Newman's congruences (6) and (7) exist in their own right, although it happens that c(13n) --(n) (mod 13), and this enables (7) to be proved.
We use Theorem 1 and a good deal of actual computation to establish: THEOREM 3. c(n) 0 (mod 133) for infinitely many n.
THEOREM 4. For all a > 1, and all a with (a, 13) = 1, there exist infinitely many n such that c(n) =-a (mod 13a).
Congruence properties of p(n)
. These are more involved than those of c(n), as we might expect from the fact that -(r) is a modular form of half-integral dimension and complicated multiplier system. In order to obtain some simplification, we define We now have, by (38), 24n -13) ). Xn, The first author, using the ICT Atlas 1 computer of the Science Research Council at Chilton, computed P(136N), P(137N), and c(136n) (mod 136) up to N= 24 40960-1, N= 24 40960-13, and n = 40960 respectively, using (51), (50), and (35) with explicit coefficients. It was rather disappointing that no better than Theorems 3 and 7 was found (133 for c(n) and 134 forp(n)) in view of the surprisingly early appearance of zeros for P (132N) and P(133N) . However we could not have found Conjectures 1 and 2 without the evidence provided by these runs.
We do not regard the results of this paper which require numerical details beyond the capacity of hand calculation as constituting examples of "machine proof." Indeed programmers, and sometimes machines, make mistakes. In so far as a mathematical proof quotes "known" results, the reader who is not prepared to verify directly the whole of relevant previous knowledge can only be sure that the results are highly probable (since the results in published papers can be incorrect). Now all the quoted calculations in this paper have either been verified independently by hand and machine (where possible by different methods), or an independent check has been found assuming Conjectures 1 and 2. In fact we found that -133) 0 (mod 13), c(757 133) 0 (mod 132), c(5299-133) 0 (mod 133) .
Thus we claim that Conjectures 1 and 2, by increasing the probability that our calculations are correct, contribute to the proofs of Theorems 3 and 7. 
